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The goal

Vectorial graph representations
that

- help you to solve a learning task

- vyield semantically and structurally
meaningful distances

- are interpretable

- are adaptable to given data
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The three pillars of graph learning
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e _then learn how to react on that

e \We can repeat this for a few

rounds

e _and finally use a neural
network to learn to interpret the

result

Fea(v) = updp (re(v), agge ({{re(w)lw € N'(v)}}))
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Pattern Mining in a nutshell

e We would like to describe a graph dataset D

e \We pick a set of patterns in advance and
search for their appearance in the graphs of
the database

e These patterns can be almost anything you
can properly define (but it is usually
computationally hard to find all of them)
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Frequent Subgraph Mining

® frequent subgraphs are one reasonable D
choice to define similarities in x_{‘f
a domain of graphs

Frequent Connected Subgraph Mining (FCSM) s H
Given a dataset of graphs D and an integer
threshold t < |D| /{

List all connected graphs P € P that are
subgraph isomorphic to at least t 2-frequent subgraphs of D
graphs in D (and where they appear). g

°1LX\K¢3~
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How is this useful for learning?

We obtain two things:
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How is this useful for learning?

We obtain two things:

® 3 set of features (e.g all frequent
subgraphs)
- dataset dependent
- can sometimes help to explore the
dataset
® an interpretable representation
of each graph (node, ...) in terms
of these features
- which graph contains which
pattern

Use with “classical” ML techniques to build learners, compare different ways of

describing your graphs, ...
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Graph Kernels in a nutshell

Definition
A graph kernel on a graph class G is a function k: G x G — R such that

R(G1,G2) = (P(Gy), P(G2))

for all Gy, G, € G, where ® : G — F maps graphs to some (possibly infinite
dimensional) real vector space FF equipped with a dot product.
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Graph Kernels in a nutshell

Definition
A graph kernel on a graph class G is a function k: G x G — R such that

R(G1,G2) = (P(Gy), P(G2))

for all Gy, G, € G, where ® : G — F maps graphs to some (possibly infinite
dimensional) real vector space FF equipped with a dot product.
d
N R m
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Graph Kernels: Properties

Given a graph kernel k: G x G — R we can define forall G;,G, € G

e anorm ||Gq|| := v/R(Gs, Gy)
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Graph Kernels: Properties

Given a graph kernel k: G x G — R we can define forall G;,G, € G

e anorm ||Gq|| := v/R(Gs, Gy)
3 cl/'stance d,?(G1 G,) := \/R(Gy, Gy) + R(G,, Gy) — 2R(G,, G,)
=(® D(Gz), P(G1) — @(G2)) = [|P(G1) — P(G2) |

..and hence work with graphs (almost) as if they were vectors in a vector
space over the real numbers

e _even if we don't know how to compute the representation ®(G)
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Benefits of (Graph) Kernels

e Many machine learning algorithms can be “kernelized”

Pascal Welke | A Tale of Graph Representation Learning 13/29



Benefits of (Graph) Kernels

e Many machine learning algorithms can be “kernelized”

e That is, optimization problems can be rewritten such that they never use
(graph) representations directly, but only within dot products

Pascal Welke | A Tale of Graph Representation Learning 13/29



Benefits of (Graph) Kernels

e Many machine learning algorithms can be “kernelized”
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(graph) representations directly, but only within dot products

® Examples:

- kernel perceptron,
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- Gaussian processes (GP),

- principal components analysis (PCA),
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- linear adaptive filters
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Benefits of (Graph) Kernels

e Many machine learning algorithms can be “kernelized”

e That is, optimization problems can be rewritten such that they never use
(graph) representations directly, but only within dot products

® Examples:

- kernel perceptron,

- support-vector machines (SVM),

- Gaussian processes (GP),

- principal components analysis (PCA),

- canonical correlation analysis,

- ridge regression,

- spectral clustering, or

- linear adaptive filters

e We can directly apply all these methods, once we have a graph kernel
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Fun with Combinations



Combinations of these techniques yield progress in all fields

Deep
Learning

Pattern
Mining

Kernel
Methods
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Practical problem

e Message passing/1-WL is
sometimes not expressive
enough

e |n particular, it is insensitive to
the number of cycles

® 2-FWL is already impractical
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Weisfeiler and Leman Go Loopy: A New Hierarchy for
Graph Representational Learning

NeurlPS 2024 (oral) -

Raffaele Paolino*, Sohir Maskey*, Pascal Welke, and Gitta Kutyniok

LUDWIG-

MAXIMILIANS-
LMU UNIVERSITAT

MUNCHEN



At a glance

e Property prediction for small
molecules is one main
application area of GNNs
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Deep Pattern
At a glance Learning ' Mining

e Property prediction for small ® we propose a generalized
molecules is one main message passing architecture
application area of GNNs e it can distinguish graphs with

e Number and type of cycles in different r-cycle counts
molecules is important e it can homomorphism-count all

e But - r-cactus graphs (strictly more
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) (D)

Pascal Wetke | ATale of Graph Representation Learning 19/29

expressive than 1-WL)

fast in practice, s.o.t.a. results



A glimpse at the implementation

P

Pascal Welke | ATale of Graph Representation Learning

Deep
Learning

\ 4

Pattern
Mining

e Generalized message passing
over multiple sets of local

“neighborhoods”

20/29




A glimpse at the implementation carnne | | Sining

0/ v ® Generalized message passing
over multiple sets of local

“neighborhoods”
Cavm): “@( é'ff O\f, S/O,Of, O\*g%‘

¢ by, & CFR)

Pascal Welke | A Tale of Graph Representation Learning 20/29



A glimpse at the implementation carnne | | Sining

0/ v ® Generalized message passing
over multiple sets of local

) “neighborhoods”
yocual vm;d‘\ooc\wo»‘

v

C«Vm): “@( é.ffo\f, 3/0,0}1 g\*g%‘

¢ by, & CFR)

Pascal Welke | A Tale of Graph Representation Learning 20/29



A glimpse at the implementation carnne | | Sining

0/ v ® Generalized message passing
over multiple sets of local
. “neighborhoods”
ynociual vm;d‘\ooc\wol

v

CNIER AL OPARS )
¢ @y,%%%,éé@%%)

J
3fﬂde M&L‘o&r‘«m&

Pascal Welke | A Tale of Graph Representation Learning 20/29



A glimpse at the implementation carnne | | Sining

0/ v ® Generalized message passing
over multiple sets of local
“neighborhoods”

ymocual” notlboctood
¥ “0

C«Vm): “@( é.ffo\f, 5/0,0}1 g\*g%‘

¢ by, & CFR)

/ 7
31”3002 W.\Q(.‘o&r‘«na‘ lgfcjcle (wl&(‘ims h,wﬂ'

Pascal Welke | A Tale of Graph Representation Learning 20/29



A glimpse at the implementation carnne | | Sining

0/ v ® Generalized message passing
over multiple sets of local

ol “neighborhoods”
yocmal Y QP
\/" D e (Cycles can be enumerated

vy quickly on many sparse graphs
C(fvm): “@( 3 £t O\Zf, " e 0\)3%‘

¢ by, & CFR)

/ 7
31”3002 W.\Q(.‘o&r‘«not‘ lgfcjcle (wl%(‘ims (wb"'

Pascal Welke | A Tale of Graph Representation Learning 20/29



A glimpse at the implementation carnne | | Sining

0/ v ® Generalized message passing
over multiple sets of local

ol “neighborhoods”
yocmal Y QP
\/" D e (Cycles can be enumerated

vy quickly on many sparse graphs
A v v V/o
C«V):“@(o'{fo\,,o ,f,\,ﬁ, |
e (Cycle representations can be

& £>°v, f{j %{, Eé @g %{) computed with GINs

/ 7
31”3002 W.\Q(.‘o&r‘«not‘ lgfcjcle (wl%(‘ims (wb"'

Pascal Welke | A Tale of Graph Representation Learning 20/29



A glimpse at the implementation carnne | | Sining

0/ v ® Generalized message passing
over multiple sets of local

ol “neighborhoods”
yocmal Y QP
\/" D e (Cycles can be enumerated

vy quickly on many sparse graphs
A v v V/o
C«V):“@(o'{fo\,,o ,f,\,ﬁ, |
e (Cycle representations can be

& £>°v, f{j %{ ) EE @g %{) computed with GINs

A A Complk veper adabions g“ Cycles ¢
/ /

S-oyde MQLW h=cyele wz\ums laod ) )
| C‘““(@) SN (Q) + 6IN <\o>
Pascal Welke | A Tale of Graph Representation Learning 0/



Contributions

A novel GNN architecture that is
parametrized by cycle length r that

Pascal Welke | ATale of Graph Representation Learning

Deep
Learning

Pattern
Mining

21/29




Contributions

A novel GNN architecture that is
parametrized by cycle length r that

e s efficient on sparse graphs

Pascal Welke | ATale of Graph Representation Learning

Deep
Learning

Pattern
Mining

21/29




Deep

Pattern
Contributions eamn | | Tining

A<
A novel GNN architecture that is @
parametrized by cycle length r that @O
e s efficient on sparse graphs O—— < g >
>

e can subgraph count all cycles of
lengthuptor agle m Subgeaph isoumscpltns

<>
<[_I>

o

Pascal Welke | A Tale of Graph Representation Learning 21/29



Contributions

A novel GNN architecture that is
parametrized by cycle length r that

e s efficient on sparse graphs

e can subgraph count all cycles of
lengthuptor

e can homomorphism count all
r-cactus graphs
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This construction is actually a general recipe
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- Frequent subgraphs

Make them nodes in a new graph
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Define how to aggregate neighbor representations (using some neural net)
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Deep

. . . . Pattern
This construction is actually a general recipe earmg | | Bining

Select some graph patterns that you can locate more or less efficiently
- Nodes
- Edges
- Cycles

- Frequent subgraphs

Make them nodes in a new graph

Define which objects are neighbors
Define how to aggregate neighbor representations (using some neural net)
You have a (higher order) graph neural network
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Examples

e Simplicial complexes:
CWNetworks
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® paths
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Deep

Pattern
Exam pl,eS Learning ' Mining

e Simplicial complexes:
CWNetworks

e k-tuples (k-wL) N ! —

® paths
e (AT for outerplanar graphs

Most of these approaches can be
explicitly written as simple message
passing on transformed graphs,
where all objects become nodes
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Graph Kernels: Desired properties

We would like our graph kernels to be

Deep
Learning

' Kernel
Methods

e tractable, i.e, that R(Gs, Gy) can be computed in polynomial time in the size

of G, and G,
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e tractable, i.e, that R(Gs, Gy) can be computed in polynomial time in the size

of G, and G,

e nvariant under isomorphism, i.e. if Gy, G, € G are isomorphic then

- k(Gy,Gy) = k(Gy, Gy) = k(Gy, Gy)
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Graph Kernels: Desired properties

We would like our graph kernels to be

Deep
Learning

' Kernel
Methods

e tractable, i.e, that R(G,, G;) can be computed in polynomial time in the size

of G, and G,

e nvariant under isomorphism, i.e. if Gy, G, € G are isomorphic then

- R(G4,Gy) = R(G4,G4) = R(Gy, Ga)
- R(Gy,H) = R(Gy,H) foranyHe G
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. . Deep Kernel
Graph Kernels: Desired properties g | @

We would like our graph kernels to be

e tractable, i.e, that R(G,, G;) can be computed in polynomial time in the size
of G, and G,
e nvariant under isomorphism, i.e. if Gy, G, € G are isomorphic then

- R(G4,Gy) = R(G4,G4) = R(Gy, Ga)
- R(Gy,H) = R(Gy,H) foranyHe G

e complete I.e.,

®(G,) = O(G,) if and only if G, is isomorphic to G,

Pascal Welke | A Tale of Graph Representation Learning 25/29



Do tractable complete Graph Kernels exist?

Theorem ( )

Deep
Learning

' Kernel
Methods

Computing a complete graph kernel on some graph class G is Isomorphism-hard.
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Computing a complete graph kernel on some graph class G is Isomorphism-hard.
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Do tractable complete Graph Kernels exist? g | @

Theorem ( )
Computing a complete graph kernel on some graph class G is Isomorphism-hard.

e Any deep learning based graph learning method computes vectorial (or
tensorial) representations for graphs

® The proof (from 2003!) holds for all graph representations, whether learned
or not.

e |t follows that it is highly unlikely that we will ever find an efficient maximally
expressive GNN architecture for all graphs in the uniform sense
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The issue with the datasets

e Recently we've been discussing a
lot about datasets and
benchmarks in the GNN
community
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The issue with the datasets

® Recently we've been discussing a
lot about datasets and
benchmarks in the GNN
community

® (Bechler-Speicher et al (2025)) (Coupette et al (2025))

(Bechler-Speicher et al (2024)) (Stoll et al (2025))

e this “reproduces” results from
the graph kernel community

Schulz and Welke (2018)
M\‘ vs. ..~\m
{7\./ e
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e There are at least three pillars of graph learning
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Conclusion

e There are at least three pillars of graph learning
e Combining techniques from different areas yields new methods and new
insights

e Seeing these things may help to gain perspective and to be slightly less
overwhelmed with the amount of new work being published every month in
our field
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