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• We can repeat this for a few

rounds
• ...and finally use a neural

network to learn to interpret the
result

rk+1(v) = updk (rk(v), aggk ({{rk(w)|w ∈ N (v)}}))
r(G) = agg({{rl(v)|v ∈ V(G)}})

p(G) = f(r(G))
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graphs in D (and where they appear).
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• a set of features (e.g all frequent

subgraphs)
– dataset dependent
– can sometimes help to explore the

dataset
• an interpretable representation

of each graph (node, ...) in terms
of these features

– which graph contains which
pattern

Use with “classical” ML techniques to build learners, compare different ways of
describing your graphs, ...
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for all G1,G2 ∈ G , where Φ : G → F maps graphs to some (possibly infinite
dimensional) real vector space F equipped with a dot product.
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Graph Kernels: Properties

Given a graph kernel k : G × G → R we can define for all G1,G2 ∈ G

• a norm ||G1|| :=
√
k(G1,G1)

• a distance dk(G1,G2) :=
√
k(G1,G1) + k(G2,G2)− 2k(G1,G2)

• ...and hence work with graphs (almost) as if they were vectors in a vector
space over the real numbers

• ...even if we don’t know how to compute the representation Φ(G)
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Benefits of (Graph) Kernels

• Many machine learning algorithms can be “kernelized”

• That is, optimization problems can be rewritten such that they never use
(graph) representations directly, but only within dot products

• Examples:

– kernel perceptron,
– support-vector machines (SVM),
– Gaussian processes (GP),
– principal components analysis (PCA),
– canonical correlation analysis,
– ridge regression,
– spectral clustering, or
– linear adaptive filters

• We can directly apply all these methods, once we have a graph kernel
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Fun with Combinations
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Methods

These three approaches are not
exclusive.

• Many (maybe most) higher order
GNNs are designed combining
Deep Learning and Pattern
Mining techniques

• Convolutional graph kernels use
common patterns in graphs to
define similarities

• GNTK, Kernels based on learned
representations, analysis of DL
approaches with kernel
machinery
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Weisfeiler and Leman Go Loopy: A New Hierarchy for

Graph Representational Learning

NeurIPS 2024 (oral)

Raffaele Paolino*, Sohir Maskey*, Pascal Welke, and Gitta Kutyniok
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At a glance
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Learning
Pattern
Mining

?
• Property prediction for small

molecules is one main
application area of GNNs

• Number and type of cycles in
molecules is important

• But

• we propose a generalized
message passing architecture

• it can distinguish graphs with
different r-cycle counts

• it can homomorphism-count all
r-cactus graphs (strictly more
expressive than 1-WL)

• fast in practice, s.o.t.a. results
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• Cycles can be enumerated
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• Cycle representations can be
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A novel GNN architecture that is
parametrized by cycle length r that

• is efficient on sparse graphs
• can subgraph count all cycles of

length up to r
• can homomorphism count all
r-cactus graphs
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This construction is actually a general recipe
Deep

Learning
Pattern
Mining

• Select some graph patterns that you can locate more or less efficiently

– Nodes
– Edges
– Cycles
– Frequent subgraphs
– ...

• Make them nodes in a new graph
• Define which objects are neighbors
• Define how to aggregate neighbor representations (using some neural net)
• You have a (higher order) graph neural network
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CWNetworks Bodnar et al (2021)

• k-tuples (k-WL) Morris et al (2019)

Maron et al (2019)

• paths Graziani et al (2024) Michel et al (2023)

• CAT for outerplanar graphs
Bause* et al (2025)
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• k-tuples (k-WL) Morris et al (2019)

Maron et al (2019)

• paths Graziani et al (2024) Michel et al (2023)

• CAT for outerplanar graphs
Bause* et al (2025)

Most of these approaches can be
explicitly written as simple message
passing on transformed graphs,
where all objects become nodes
Jogl et al (2023)

Jogl et al (2023)
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Graph Kernels: Desired properties
Deep

Learning
Kernel

Methods

We would like our graph kernels to be

• tractable, i.e., that k(G1,G2) can be computed in polynomial time in the size
of G1 and G2

• invariant under isomorphism, i.e. if G1,G2 ∈ G are isomorphic then

– k(G1,G2) = k(G1,G1) = k(G2,G2)
– k(G1,H) = k(G2,H) for any H ∈ G

• complete i.e.,

Φ(G1) = Φ(G2) if and only if G1 is isomorphic to G2
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Do tractable complete Graph Kernels exist?
Deep

Learning
Kernel

Methods

Theorem ( Gärtner et al (2003) )
Computing a complete graph kernel on some graph class G is Isomorphism-hard.

• Any deep learning based graph learning method computes vectorial (or
tensorial) representations for graphs

• The proof (from 2003!) holds for all graph representations, whether learned
or not.

• It follows that it is highly unlikely that we will ever find an efficient maximally
expressive GNN architecture for all graphs in the uniform sense
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The issue with the datasets
Deep

Learning
Kernel

Methods

• Recently we’ve been discussing a
lot about datasets and
benchmarks in the GNN
community

• Bechler-Speicher et al (2025) Coupette et al (2025)

Bechler-Speicher et al (2024) Stoll et al (2025)

• this “reproduces” results from
the graph kernel community
Schulz and Welke (2018)
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NoG psf bpsf fsg cp gs sp rw wl
AIDS
BZR

BZR_MD
COIL-DEL
COIL-RAG

COX2
COX2_MD

DD
DHFR

DHFR_MD
ENZYMES

ER_MD
IMDB-BINARY

IMDB-MULTI
Letter-high
Letter-low

Letter-med
MSRC_21

MSRC_21C
MSRC_9
MUTAG

Mutagenicity
NCI1

NCI109
PROTEINS

PROTEINS_full
PTC_FM
PTC_FR

PTC_MM
PTC_MR

REDDIT-BINARY
REDDIT-MULTI-12K
REDDIT-MULTI-5K

SYNTHETIC
SYNTHETICnew

Synthie
Tox21_AHR

Tox21_AR-LBD
Tox21_ARE

98.25 98.45 97.85 98.60 98.70

78.78 78.53 73.82

58.14 x x 52.34 50.66 60.75

7.83 7.68 x x 9.74 x

3.38 3.36 5.69 x 3.16 6.61 x

78.16 78.16 69.39 77.95 78.16 77.95

x 51.81 51.15

x x x

54.77 67.05 60.98 82.02

x x 69.20

28.33 32.00 x x 30.50 17.33 50.67

x 59.42 59.21 59.42

59.00 60.10 61.50 x 63.90 47.90 x

38.93 40.13 x 39.53 34.13 x

29.42 28.89 x 18.70 30.47

27.29 27.07 27.29 x 14.93 48.60 47.04 39.91

26.80 27.07 26.80 x 14.51 44.67

51.84 52.22 46.79 x 14.60 5.06

64.63 x 16.43 6.43

x x 25.09 11.73

79.06 64.61 x 83.56

74.33 76.28 62.68 x 84.72

73.56 72.64 75.67 73.56 64.67 x 85.20

x x x

x x x

58.17 57.08 57.85

65.53 65.25

61.93 61.31 61.62

55.75 57.70 x x x x x 72.80

23.18 23.12 x x x x x x

22.46 22.90 x x x x x x

x x

51.33 x 54.00 99.33

42.28 x x 41.32 16.05

88.47 88.36 88.37 x 88.38 88.41 x 93.36

x 96.50 97.50 x 98.49

84.79 84.74 84.69 x 84.67 84.75 x 88.94

99.65

86.16

70.19

14.13

7.22

81.37

65.26

76.67

74.06

64.88

43.33

74.46

70.70

46.73

34.58

43.02

38.71

86.46

81.59

88.35

87.31

75.56

69.93

68.48

74.58

74.58

63.63

67.25

66.70

57.60

83.50

36.99

49.81

50.00

64.33

50.69

90.89

98.05

86.42
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• There are at least three pillars of graph learning

• Combining techniques from different areas yields new methods and new
insights

• Seeing these things may help to gain perspective and to be slightly less
overwhelmed with the amount of new work being published every month in
our field
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