The Gracefulness of Graph B(m, n)

GUO WENFU, Translation, comments, and code by Pascal Welke

Abstract. In this paper, we shall prove that the graphs B(m,n) = C,, U P, are graceful when m = 1 or 2
(mod 4), where C,,, = A1Ay...AnAr and P, = A1B1By ... B, (m > 3,n > 0).
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I have obtained the original Chinese version [1] of this article with the help of collegues and
translated it with the help of Google Gemini as of December 2025. I have checked the proof sketches
in the translation carefully and have implemented all constructions in Python. All functions are
named after the respective parts of the original paper and construct a sequence of vertices that are
injectively labeled with numbers from 1 to m + n and a sequence of edges. As the vertex labeling is
injective, I used the labels as node ids. The code is provided next to the descriptions of the original
paper and is available on github.

1 INTRODUCTION

Let the cycle be C,,, = A1A; ... AnA; and the path be P, = A1B;B; ... B,. We define the graph
B(m,n) =C,, UP, (m > 3,n>0).

It has been proven in [2] that B(m, n) is a 1-graceful graph. It was also proven that B(m, n) is a
graceful graph when m = 0 or 3 (mod 4). This paper gives an affirmative answer to the question:
“Is B(m, n) a graceful graph when m = 1 or 2 (mod 4) and n > 0?”.

DEFINITION 1 (GRACEFUL LABELING). For a simple graph G(V, E) we assign non-negative integers
p(v) € {1,2,...,|E|} to every vertexv € V which we call vertex labels. We call the value L(u,v) =
lo(u) — @(v)| the edge label of the edge uv. A simple graph G is called a graceful graph if it is labeled
such that:

(1) Different vertices have different vertex labels.
(2) Different edges have different edge labels.

The set of edge labels for a graceful graph is {1,2,...,|E|}.
The entrypoint to the python code is the following function that constructs a graceful labeling
for any tadpole with m = 1 or 2 (mod 4).

def graceful_tadpole(m, n):
Implements all the constructions presented in the paper
Guo Wenfu. The Gracefulness of Graph B(m,n).
Journal of Inner Mongolia Normal University (Natural Science Edition),
1994(2): 25-29.
assert(m >= 3)
assert(m % 4 == 2 orm% 4 == 1)

ifm% 4 ==

return thmi(m, n)
ifm%4 ==1:

return thm2(m, n)
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2 CASEm=2 (mod4)
THEOREM 1. For allm = 2 (mod 4) and n > 0, B(m, n) is a graceful graph.
Proor. Let m = 4l + 2, which implies [ = mT_Z. A graceful labeling for n = 1 and arbitrary [ > 0

is given in Figure 1 with comments and python code in Section 2.1.Similarly, a graceful labeling for
n = 2 and arbitrary [ > 0 is given in Figure 2 with comments and python code in Section 2.2. For
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the case n > 3 we will construct graceful labelings in Section 2.3. O

def thmi(m, n):
assert(m >= 3)
assert(m % 4 == 2)
assert(n > 0)

if n ==
return figl(m, n)
if n ==
return fig2(m, n)
else:
if n% 6 == 3:
return case_3_1(m, n, figl)
if n% 6 == 4:
return case_3_2(m, n, figl)
if n% 6 == 5:
return case_3_3(m, n, figl)
ifn%6 ==20:

return case_3_4(m, n, figl)
ifn%6==1:

return case_3_5(m, n, figl)
if n% 6 ==2:

return case_3_6(m, n, figl)
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Fig. 1. Labeling for B(m, 1) when m = 2 (mod 4)

def figl(m, n):
assert(m % 4 == 2)
# careful. n >= 3 requires additional tail nodes
# added in another step
assert(n == 1 or n >= 3)

l=m// 4

vertices = list()
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# point A1 will be at index @, followed by m-1 cycle nodes, clockwise.
vertices.append(n + 2x1 + 1)
vertices.append(2x1 + 1)

for i in range(l+1):
vertices.append(n + 4x1 + 2 - i)
vertices.append(i)
for i in range(l+1,2%1):
vertices.append(n + 4x1 + 1 - i) # after 1, we shift this by one.
vertices.append(i)

edges = list(zip(vertices, vertices[1:] + [vertices[0]]))

# Then 1 path node
vertices.append(2x*1)

# and the edge connecting it to the cycle
edges.append((vertices[@], vertices[m])) # edge connecting path and cycle

return vertices, edges
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Fig. 2. Labeling for B(m, 2) when m = 2 (mod 4)

def fig2(m, n):
assert(m % 4 == 2)
assert(n == 2)

l=m//
vertices = list()

N

# point A1 will be at index @, followed by m-1 cycle nodes, counterclockwise.
vertices.append(3x1+5)

# we create increasing edge weights [21+6, ..., mtn] by alternatingly
# increasing and decreasing the vertex label.
# the last node constructed by this loop is the vertex with label @
startlength_counterclockwise = 2x1 + 6 #3x1 + 5 - (1 - 1)
decrease = True
for w in range(startlength_counterclockwise, m+n+1):

current = vertices[-1]

if decrease:
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vertices.append(current - w)
decrease = False

else:
vertices.append(current + w)
decrease = True

vertices.append(2x1 + 4)

# we create increasing edge weights [2, ..., 21+2] by alternatingly
# increasing and decreasing the vertex label.
# the last node constructed by this loop is the vertex with label 1+2
decrease = True
for w in range(2, 2x1+3):
current = vertices[-1]
if decrease:
vertices.append(current - w)
decrease = False
else:
vertices.append(current + w)
decrease = True

# create cycle edges
edges = list(zip(vertices, vertices[1:] + [vertices[0]]))

# Then 2 path nodes
vertices.append(1l)

vertices.append(1l+1)

# create tail edges

edges.append((vertices[@], vertices[m])) # edge connecting path and cycle

edges.append((vertices[m], vertices[m+1])) # path edge

return vertices, edges
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23 Case3:n>3

For the case n > 3 we will construct graceful labelings as follows:

First, C,,, U {By } is labeled according to Figure 1.

2042,...,n+30U{n+3l+2,...,n+4l+ 1,n+ 4l + 2}.

Labeling for Path BB, ... B, (for n > 3)

The edge labels are distinct and their setis {n,n+ 1,...,n+ 4l + 1, n + 41 + 2}.
The remaining path is B1B; . .. B,,, and the available edge label set is {1,2,...,n — 1}.
The labeling for the path ByB; ... B, is then given across six cases based on n (mod 6).

The vertex labels for Cy,, U {B; } are distinct and their setis {0,1,...,2l+1}U{n+2[+1,n+
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Case (3-1) Letn =6s+3,a = ¢(A;) =n+2l+1,and b = ¢(B;) = 2. The general assignments

for0 <i<s—1are:

@(Bgi+1) =b +3i 0<i<s-—-1
@(Bgiz2) =a—2—3i 0<i<s-1
@(Bsirs) =b +2+3i 0<i<s—1
@(Bgirs) =a—1-3i 0<i<s—1
@(Bgits) = b+ 4+ 3i 0<i<s-—-1 (1)
@(Bgirs) =a—3—3i 0<i<s—1

(P(B65+1) =20+3s
(P(B6s+2) =2l+2+3s

(p(B65+3) =2l+3+3s

It is easy to see that the labels are all distinct, and they consist of all integers from 2[ to
2] + n with 2/ + 1 removed, and the label of By is still 2I. Comparing with the set of labels
on C,, U A; U By, we can conclude that the labels on C,, U P, are also all distinct, and do
not exceed |E|=n+m=n+4[ + 2.

Calculating the number of edge labels, we have:

L(Bgi+1Bsi+2) =n—1-6i
L(Bgi+2Bsi+3) =n—3 — 6i
L(Bsi+3Bsi+a) =n—2 — 6i

L(Bgi+4Bsi+s) =n —4 — 6i (2)
L(Bgi+s5Bsi+s) =n— 6 — 6i
L(Bgi+6Bsi+7) =n—5—6i
Here 0 < i < s — 1. In the above six formulas, letting i = 0,1,...,s — 1 respectively, we see

that the edge labels are all distinct and form the n — 3 edge labels from 3 to n — 1.
Moreover, since L(Bgs+1Bgs+2) = 2 and L(Bgs+2Bgs+3) = 1, it follows that the set of edge
labels of By, B, ...,B, is {1,2,...,n — 1}.

Considering the case on C,,, U P, as a whole, it is easy to see that the labeling method we
give is graceful.

The proof for the other cases below is similar; we only present the key steps and omit the
rest.

def case_3_1(m, n, fig):
assert(n % 6 == 3)

head_vertices, head_edges = fig(m, n)

tail_vertices = list()

l=m// 4

s=((Mn-3)//6

a = n+2x1+1

b = 2%1

for i in range(s):
tail_vertices.append(b+3xi)
tail_vertices.append(a-2-3*i)
tail_vertices.append(b+2+3%i)
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tail_vertices.append(a-1-3*i)

tail_vertices.append(b+4+3%i)

tail_vertices.append(a-3-3*i)
tail_vertices.append(b+3*s)
tail_vertices.append(2*1+2+3%s)
tail_vertices.append(2*1+3+3%s)

# construct tail edges
tail_edges = [(u,v) for u,v in zip(tail_vertices, tail_vertices[1:])]

# we are constructing edge labels for B_1, ... B_n, hence we drop B_1,
# as it is already part of the output of figl
return head_vertices + tail_vertices[1:], head_edges + tail_edges

Case (3-2) When n = 6s + 4, the labels for B; to Bgss1 still use formula (1). Additionally, we
set:
§0(.B63+2) =2l+3+3s

§0(.B63+3) =2l+2+3s
§0(.B63+4) =2l+4+3s

The edge labels calculated by formula (2) still apply, but the set of edge labels is now
{4,5,...,n — 1}. Furthermore, because

L(Bgs+1Bes+2) =3, L(Bes+2Bss+3) =1, L(Bes+3Bes+a) =2,
Therefore, the set of edge labels for the path BiB, ... B, is {1,2,...,n— 1}.

def case_3_2(m, n, fig):
assert(n % 6 == 4)

head_vertices, head_edges = fig(m, n)

tail_vertices = list()

l=m// 4

s=((Mn-3)//6

a = n+2*x1+1

b = 2%1

for i in range(s):
tail_vertices.append(b+3*i)
tail_vertices.append(a-2-3*i)
tail_vertices.append(b+2+3%i)
tail_vertices.append(a-1-3%*i)
tail_vertices.append(b+4+3%i)
tail_vertices.append(a-3-3*i)

tail_vertices.append(b+3*s)

tail_vertices.append(2*1+3+3%s)

tail_vertices.append(2*1+2+3%s)

tail_vertices.append(2*1+4+3%s)

# construct tail edges
tail_edges = [(u,v) for u,v in zip(tail_vertices, tail_vertices[1:])]

# we are constructing edge labels for B_1, ... B_n, hence we drop B_1,
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27
28

# as it is already part of the output of figl
return head_vertices + tail_vertices[1:], head_edges + tail_edges

Case (3-3) When n = 6s + 5, the labels for B; to Bgs41 still use formula (1). Additionally, we

set:

@(Bes+2) =21+ 4+ 3s
@(Bes+3) =21+ 3+ 3s
@(Bgs+a) =21+ 5+ 3s
@(Bes+s) =21+ 2+ 3s

The edge labels calculated by formula (2) still apply, but the set of edge labels is now

{5,6,...,n — 1}. Furthermore, due to
L(Bgs+1Bes+2) = 4
L(Bgs+2Bss+3) =1
L(Bgs+3Bes+a) = 2
L(Bgs+4Bss+s5) =3

the set of edge labels for the path BB, ... B, is {1,2,...,n—1}.

def case_3_3(m, n, fig):

tail_vertices.
tail_vertices.
tail_vertices.
tail_vertices.
tail_vertices.

tail_vertices.

assert(n % 6 == 5)

head_vertices, head_edges = fig(m, n)

tail_vertices = list()

l=m// 4

s=((Mn-3)//6

a = n+2x1+1

b = 2%1

for i in range(s):
tail_vertices.append(b+3*i)
tail_vertices.append(a-2-3x*i)
tail_vertices.append(b+2+3%i)
tail_vertices.append(a-1-3%*i)
tail_vertices.append(b+4+3%i)

append(a-3-3*i)

append(b+3*s)

append(2x1+4+3x%s)
append(2*1+3+3%s)
append(2*1+5+3%s)
append(2x1+2+3x%s)

# construct tail edges
tail_edges = [(u,v) for u,v in zip(tail_vertices, tail_vertices[1:1)]
# we are constructing edge labels for B_1,

# as it is already part of the output of figl
return head_vertices + tail_vertices[1:], head_edges + tail_edges

. B_n, hence we drop B_1,
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Case (3-4) When n = 6s + 6, the labels for B; to Bgs, still use formula (1). Additionally, set:

@(Bgssz) =21+ 5+ 3s
0(Besss) =21 + 2 +3s
@(Bgssa) =20 + 6+ 3s
0(Besss) =21 +4 +3s
0(Besss) =21 +3 +3s

The edge labels calculated by formula (2) still apply, but the set of edge labels is now
{6,7,...,n— 1}. Furthermore, because

L(Bess+1Bss+2) =5
L(Bes+2Bes+3) =3
L(Bes+3Bgs+4) = 4
L(Bes+4Bes+s5) =2
L(Bes+5Bgs+) =1

Therefore, the set of edge labels for the path B1B, ... B, is {1,2,...,n—1}.

m// 4

=(n-3)//6
= n+2%1+1
= 2%1

i in range(s):
tail_vertices.
tail_vertices.
tail_vertices.
tail_vertices.
tail_vertices.
tail_vertices.

def case_3_4(m, n, fig):
assert(n % 6 == Q)

head_vertices, head_edges = fig(m, n)

tail_vertices = list()

append(b+3x*i)

append(a-2-3*i)
append(b+2+3*i)
append(a-1-3*i)
append(b+4+3%i)
append(a-3-3*i)

tail_vertices.append(b+3x*s)

tail_vertices.append(2*1+5+3%s)
tail_vertices.append(2*1+2+3%s)
tail_vertices.append(2*1+6+3xs)
tail_vertices.append(2*x1+4+3%s)
tail_vertices.append(2*1+3+3%s)

# construct tail edges
tail_edges = [(u,v) for u,v in zip(tail_vertices, tail_vertices[1:]1)]

# we are constructing edge labels for B_1,
# as it is already part of the output of figl
return head_vertices + tail_vertices[1:], head_edges + tail_edges

. B_n, hence we drop B_1,
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Case (3-5) When n = 6s + 7, the labels for B; to Bgs, still use formula (1). Additionally, set:
@(Bgs+2) =21+ 6 + 3s
@(Bgs+3) =21+ 2+ 3s
@(Bgs+a) =21+ 7+ 3s
@(Bgs+s) =21 + 4+ 3s
@(Bgs+s) =21 + 5+ 3s
@(Bgs+7) =21+ 3+ 3s

The edge labels calculated by formula (2) still apply, but the set of edge labels is now
{7,8,...,n— 1}. Furthermore, because

L(Bgs+1Bgs+2) = 6
L(B65+ZBés+3) =4
L(B65+3B65+4) =5
L(Bgs+4Bgs+s) =3
L(BGS+SBés+6) =1
L(B65+6Bés+7) =2

the set of edge labels for the path B1B,...B, is {1,2,...,n—1}.

def case_3_5(m, n, fig):
assert(n % 6 == 1)

head_vertices, head_edges = fig(m, n)

tail_vertices = list()

l=m// 4

s=((Mn-3)//6

a = n+2x1+1

b = 2%1

for i in range(s):
tail_vertices.append(b+3*i)
tail_vertices.append(a-2-3*i)
tail_vertices.append(b+2+3%i)
tail_vertices.append(a-1-3%*i)
tail_vertices.append(b+4+3*1i)
tail_vertices.append(a-3-3*i)

tail_vertices.append(b+3%s)

tail_vertices.append(2*1+6+3xs)

tail_vertices.append(2*x1+2+3%s)

tail_vertices.append(2*1+7+3%s)

tail_vertices.append(2*1+4+3xs)

tail_vertices.append(2*1+5+3%s)

tail_vertices.append(2*1+3+3%s)

# construct tail edges
tail_edges = [(u,v) for u,v in zip(tail_vertices, tail_vertices[1:])]

# we are constructing edge labels for B_1, ... B_n, hence we drop B_1,
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# as it is already part of the output of figl

return head_vertices + tail_vertices[1:], head_edges + tail_edges
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Case (3-6) When n = 6s + 8, the labels for B; to Bgs, still use formula (1). Additionally, set:

0(Bessz) =21 +7 +3s
0(Besss) =21 + 2 +3s
@(Bgssa) = 21 + 8 + 35
0(Besss) =21 + 4+ 3s
0(Bessg) =21 + 5+ 3s
0(Bgss7) =21 +3 +3s
@(Bgsss) =21 + 6 + 3s

The edge labels calculated by formula (2) still apply, but the set of edge labels is now

{8,9,---,n— 1}. Furthermore, because

L(Bess+1Bss+2) =7

L(Bgs+2Bss+3) =5

L(Bes+3Bss+4) = 6

L(Bgs+4Bss+s) = 4

L(Bes+5Bgs+6) =1

L(Bes+6Bes+7) =2

L(Bes+7Bss+s) =3

Therefore, the set of edge labels for the path B1B, - - - B, is {1,2,--- ,n — 1}.

def case_3_1(m, n, fig):
assert(n % 6 == 3)

head_vertices, head_edges = fig(m, n)

tail_vertices = list()

l=m// 4

s=((Mn-3)//6

a = n+2x1+1

b = 2%1

for i in range(s):
tail_vertices.append(b+3x*i)
tail_vertices.append(a-2-3*i)
tail_vertices.append(b+2+3*i)
tail_vertices.append(a-1-3*i)
tail_vertices.append(b+4+3%i)
tail_vertices.append(a-3-3*i)

tail_vertices.append(b+3%s)

tail_vertices.append(2*1+2+3%s)

tail_vertices.append(2*1+3+3%s)

# construct tail edges

tail_edges = [(u,v) for u,v in zip(tail_vertices, tail_vertices[1:])]
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25 # we are constructing edge labels for B_1, ... B_n, hence we drop B_1,
26 # as it is already part of the output of figl
27 return head_vertices + tail_vertices[1:], head_edges + tail_edges

In all cases, the set of edge labels for the path B1B; ... B, is {1,2,...,n — 1}. By combining this
with the labels of C,,, U A; By, the entire graph C,, U P, has a graceful labeling.

3 CASEm=1 (mod 4)
THEOREM 2. Forallm =1 (mod 4) and n > 0, B(m, n) is a graceful graph.

Proor. Let m = 4l + 1. If n is odd, we proceed as described in Section 3.1. If n is even, we

distinguish three cases in Section 3.2. O
def thm2(m, n):
assert(m >= 3)
assert(m % 4 == 1)
assert(n > @)
k=n//2
l=m// 4
ifn%2==1:
return fig3(m, n)
if n% 2 ==0:
if k ==1:
return fig4(m, n)
elif k >= 1:
return figs(m, n)
elif k < 1:
if n% 6 == 4:
return case_3_2(m, n, fig6)
if n% 6 ==20:
return case_3_4(m, n, fig6)
ifn%6==2:
return case_3_6(m, n, fig6)
else:
raise ValueError(f'Uncaught case: k={k} 1={13}, n={n} m={m}")

3.1 Casenisodd

I 3H2k+2 3H+2k+1 3l+k+2 3tk 21H+2k+3 2[+2k+2

I 1 T e 21-1

2H2hr ) 252k k=1 2tk 12 2ok 2Uhe)
AI BI BI R] B,‘k—! R:k—l Elk B,'k*l
’L -1 -2 2 1 0
31+2k+3 3+2k+4 40+ 2k 41+2k+1 4/+2k+2

Fig. 3. Labeling for B(m,n) when m =1 (mod 4) and n =2k + 1 (odd,0 < k <1 -2)

Let n = 2k + 1, where k is a non-negative integer.

e When 0 < k <[ - 2, a graceful labeling is given in Figure 3.
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e When k > [ — 2, the point labeled [ + k + 1 in Figure 3 will be on the path A1B1B; ... Ba41-

The construction for this case labels the path CyC; . .. Cpy4pn—1 With the node labels

) = % if i is even
PR = n+m-2L ifiisodd

1
2

fori < 2l + 2k and

) = % -1 if i is even
o= n+m-5t—1 ifiisodd
for i > 21 + 2k, skipping the edge label 2I. This yields all edge labels {m, ..., 1} in decreasing order,
except 2I. We note that ¢(Cp—1) = 2[ and can hence connect Cy and C,,—; to obtain a graceful
labeling for the tadpole B(m, n).
Both variants are implemented in the fig3 function.

def fig3(m, n):
assert(m % 4 == 1)
assert(n % 2 == 1)

l=m// 4

vertices = [0]
decrease = False
offset = 0
for w in range(n+m, 1, -1):
current = vertices[-1]
if w == 2x1:
offset = -1
if decrease:
vertices.append(current - (w + offset))
decrease = False
else:
vertices.append(current + w + offset)
decrease = True

# construct a long path

edges = [(u,v) for u,v in zip(vertices, vertices[1:])]

# add the edge connecting @ with 21 that closes the head cycle
edges.append((vertices[0@], vertices[m-1]))

return vertices, edges

3.2 Caseniseven

Let n = 2k, where k is a natural number.

Case (2-1) If k =1 (n = 2), a graceful labeling is given in Figure 4.
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Fig. 4. Labeling for B(m,2) when m =1 (mod 4) and n =2
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def figd(m, n):
assert(m % 4 == 1)
assert(n == 2)

l=m// 4

vertices = [1+2, 1+1]

decrease = False

for w in range(2x1+1, 4*1+4, 1):

current = vertices[-1]
if decrease:

13 vertices.append(current - w)
14 decrease = False

15 else:

16 vertices.append(current + w)

17 decrease

= True

if 2x1+3 1= 3x1+2:
vertices.append(2*x1+3)

decrease = True
for w in range(2, 2x1-1, 1):
current = vertices[-1]
if decrease:
vertices.append(current - w)
decrease = False
else:
vertices.append(current + w)
decrease = True

# construct a long path

edges = [(u,v) for u,v in zip(vertices, vertices[1:])]

# add the edge connecting 31+2 with 1+3 that closes the head cycle
edges.append((vertices[-1], vertices[2]))

return vertices, edges

Case (2-2) If k > I (k # 1), graceful labeling is given in Figure 5.
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Fig. 5. Labeling for B(m,n) when m =1 (mod 4) and n = 2k (even, k > [)

1 def figh(m, n):

2 assert(m % 4 == 1)

3 assert(n % 2 == Q)

4

5 k=n//2

6 l=m// 4

7

3 assert (k >= 1)

9 assert (k !'= 1)

10

11 vertices = [2*1 + k + 1]

12 decrease = False

13 offset = @

14 for w in range(1, 4*1+2xk+1, 1):

15 current = vertices[-1]

16 # skip edge length 21

17 if w == 2x1:

18 offset = 1

19 if decrease:

20 vertices.append(current - (w + offset))
21 decrease = False

22 else:

23 vertices.append(current + w + offset)
24 decrease = True

25

26 # construct a long path

27 edges = [(u,v) for u,v in zip(vertices, vertices[1:])]
28 # add the edge connecting @ with 21 that closes the head cycle
29 edges.append((vertices[-1], vertices[n]))

30

31 return vertices, edges

Case (2-3) If 1 <k < I



The Gracefulness of Graph B(m, n) 15

IH2k+2 342K+ 3+k+2 3k 342k+2 20-1
AU e .
T 1 Ik 21-2 !
PYIT YR S S SOS——
1‘ AAI BI Bu
: -2 -3 2 1 0 ]
—_—— e - . PO
-1 3H42k+ 3+2k+4 4142k 4142k 2041

Fig. 6. Labeling for C,,, U A1B; whenm =1 (mod 4) and n = 2k (even, 1 < k < ])

First, C,,, U A; By is labeled according to Figure 6.

The vertex label set for C,,, UA1By is {0,1,...,2[+ 1} U{2l+ 2k +1,...,3l+k} U {3l +
k+2,...,4l + 2k + 1}.

The edge label set is {2k, 2k + 1,...,4] + 2k + 1}.

The remaining path is B1B; ... By, and its required edge label set is {1, 2,...,2k — 1}.
Since n is even, the construction methods from Theorem 1 for the even n cases—(3-2),
(3-4), and (3-6)—can be used to give a graceful labeling for the remaining path.

def figé6(m, n):
assert(m % 4 == 1)
assert(n % 2 == @)

k=n//2
l=m// 4
assert (k < 1)
assert (k > 1)

vertices = [2%1+1, @]
decrease = False
offset = @
for w in range(4x1+2xk+1, 2%xk+2, -1):
current = vertices[-1]
# # skip edge length 2x1+1
if w == 2x1+1:
offset = -1
if decrease:
vertices.append(current - (w + offset))
decrease = False
else:
vertices.append(current + w + offset)
decrease = True

# add cycle edges
edges = list(zip(vertices, vertices[1:] + [vertices[0]]))

# add tail
vertices.append(2*x1)
edges.append((vertices[-1], vertices[-2]))
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32
33 return vertices, edges
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A HELPER FUNCTIONS

To check if a constructed graph labeling is indeed graceful, i have written a test function. The
python file contains a loop to check if the constructed labelings for tadpoles with m € {3,..., 1000}
and n € {1,...,1000} are indeed graceful. They are. :)

def is_graceful(vertices, edges, verbose=False):
Check if a graph, given by a list of vertex labels
and a list of edges is graceful.

[N

# vertex labels in range 0...m (inclusive)?
proper_range = min(vertices) >= @ and max(vertices) <= len(edges)

# vertex labels injective?
injective_vertex_labels = len(set(vertices)) == len(vertices)

# edge labels injective?
labels = set()
for e in edges:
labels.add(abs(e[0] - e[1]))
injective_edge_labels = len(labels) == len(edges)

if verbose:
print(f'Proper vertex range? {proper_range}')
print(f'Injective vertex labels? {injective_vertex_labels}')
print(f'Injective edge labels? {injective_edge_labels}')

return proper_range and injective_vertex_labels and injective_edge_labels

If you want to draw one of these tadpoles, there is the following function that may be of some
use:

def draw_graph(e):
import networkx as nx
import matplotlib.pyplot as plt

g = nx.from_edgelist(e)

pos1 = nx.circular_layout(g)

nx.draw(g, posl, with_labels=True, node_color="'skyblue')
nx.draw_networkx_edge_labels(g, pos1, edge_labels=edge_labels(e))
plt.show()
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The Gracefulness on Graph B(m, n)

Guo Wenfu

(Depl. of Math, Wulanchab teachers’ college)

A
Abstract In this paper, we shall prove that “the graphs B(m, n) = C. UP" are

graceful when m=1 or 2 (mod 4), in which C,=A4,4,++A4,4,, P,=A4,BB,-B, (m>
3, n>0)
Key words cycle, path, graceful graph
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